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Continuous Lag Markov Chains”

Weidong Li and Chuanrong Zhang

This comment aims to reduce the misunderstandings caused by Sartore (2013), which misused two
Markov chain random field (MCRF) simulation algorithms. Recently, Sartore (2013) developed a spMC
package using R computer language for modeling categorical random fields with transition probabilities.
Sartore tested four simulation algorithms, and showed that the fixed-path and random-path MCRF
algorithms had the lowest accuracies.

We would like to point out herein that Sartore did not understand well the MCRF model/theory
proposed in Li (2007a), and also incorrectly used the fixed-path and random path MCRF algorithms
described respectively in Li (2007b) and Li and Zhang (2007). First, Sartore improperly named the fixed-
path and random-path MCRF algorithms as "fixed and random path methods". This could easily cause
misunderstandings. As stochastic spatial simulation algorithms, they must have a model for estimating
local probability distributions.

Second, the equation provided in Sartore (2013) for the simplified MCRF model is improper. Sartore
did not write the denominator of the simplified MCRF model equation, probably not intending to show
the similarity between the simplified MCRF model proposed in Li (2007a) and the "Multinomial
categorical simulation procedure™ (a name provided by Sartore (2013) for the "Markovian-type
categorical prediction” method suggested by Allard et al. (2011)). In the process that we endeavored to
solve the small class underestimation problem of the coupled Markov chain (CMC) model proposed by
Elfeki (1996) and extended by Elfeki and Dekking (2001), the single-chain-based MCRF idea (including
Bayesian decomposition and the conditional independence assumption) simply led us to the simplified
MCRF model (Li 2007a, Li and Zhang 2008), which theoretically corrected the problem of the CMC
model. Allard et al. (2011) made a large effort to connect the simplified MCRF model with the maximum
entropy model suggested by Bogaert (2002). The work by Allard et al. (2011), if sufficiently rational,
would well prove the correctness of the MCRF theory and model from another angle. Unfortunately,
Allard et al. (2011) misunderstood the MCRF theory and model - Allard et al. (2011) claimed a new
model, and surprisingly wrote and interpreted the simplified MCRF model as the CMC model. This
problem was pointed out by our comments on the paper (see Li and Zhang 2012).

Third, Sartore apparently applied the simplified MCRF model to sample data through improper
algorithms by only "considering those nearest points along the axial directions within a radius of length
one" (see Sartore 2013 p. 24). The fixed-path MCRF algorithm we suggested requires first connecting
neighboring sample data in different directions into a mesh and then filling mesh holes (i.e., segmented
unobserved subareas), all by simulation. Because of the complexity of the procedure, only a simple
algorithm for regular sample data was developed and tested in Li (2007a, 2007b). The random-path
MCREF algorithm we suggested divides each neighborhood search area into four quadrants and takes one
nearest neighbor from each quadrant. In case there are no data available in some quadrants (e.g., on
boundaries or in some subareas where data are extremely sparse at the beginning of simulation), the
neighborhood size will be less than four (Li and Zhang 2007). Since the random-path MCRF algorithm
can work with both regular and irregular sample data and can generate simulated patterns with smoother
boundaries, this random-path algorithm is preferable to the fixed-path algorithm. Because Sartore ignored
those neighboring data that are spatially closer but lie in non-axial directions, Sartore’s results may not be
accurate.

The main ideas for the MCRF approach were misunderstood by some readers in geostatistics and
geosciences. A reason might be that some readers were not familiar with the specific ideas and knowledge
used in the MCRF approach (i.e., Markov chain geostatistics), such as "a single Markov chain in a multi-
dimensional space with local updating”, Bayesian decomposition, and conditional independence. In fact,
both the Bayes’ theorem and the conditional independence assumption are widely known in statistics;



they just were not used in geostatistics previously to deal with the sparse spatial data in a neighborhood
for estimating the local conditional probability distribution at an unobserved location. The idea of using a
single Markov chain for multidimensional simulation is a new idea, and it is this idea that led us to the
MCRF model. This idea should be understandable if readers read the paper of Li (2007a), which explains
why such an idea was suggested.
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